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. Rankin-Selberg unfolding trick
( ) . Rankin-Selberg
Fourier .





$s=\sigma+it$ $\sigma>1$ . $\Gamma=PSL_{2}(\mathrm{Z})$ Eisenstein
$E^{*}(z, s)$
$E^{*}(z, s)=$ yr
$-s_{\Gamma(s)\zeta(2s)\sum_{\gamma\in \mathrm{r}_{\infty}\backslash \Gamma}({\rm Im}\gamma z)^{\mathit{8}}}$
. $\zeta(s)$ Riemann , $\Gamma_{\infty}=\{\pm(1n)1|n\in \mathrm{Z}\}$ .
$E^{*}(z, s)$ $z$ $\Gamma$ . $E^{*}(\gamma z, s)=$
$E^{*}(z, s)$ . $s$ $s=0,1$
$E^{*}(z, s)=E^{*}(z, 1-s)$ .
$\phi(z)$ $\Gamma$ . $yarrow\infty$
$\phi(x+iy)=O(y^{-N})\forall N>0$ . $\phi(z)$ $\Gamma$ $\phi(z+1)=\phi(z)$ .
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$\phi(z)$ Fourier . $\phi(z)=\sum_{n\in \mathrm{Z}}\phi_{n}(y)e^{2\pi inx}$ . $\phi_{0}(y)$
$\phi(z)$ . r\
$\int_{\mathrm{r}\backslash \mathfrak{y}}\phi(z)E^{*}(z, s)\frac{dxdy}{y^{2}}$ (2.1)
. $\sigma>1$ $E^{*}(z, s)$ $\phi(z)$ $\Gamma$
$\int_{\Gamma\backslash \mathrm{B}}\phi(z)E^{*}(z, s)\frac{dxdy}{y^{2}}=\pi^{-s}\Gamma(s)\zeta(2s)\sum_{\gamma\in \mathrm{r}_{\infty}\backslash \Gamma}\int_{\Gamma\backslash \mathrm{r}}\phi(\gamma z)({\rm Im}\gamma z)^{\delta}\frac{dxdy}{y^{2}}$
$= \pi^{-s}\Gamma(s)\zeta(2s)\int_{\Gamma_{\infty}\backslash fl}\phi(z)({\rm Im} z)^{s}\frac{dxdy}{y^{2}}$ .
$\mathrm{r}_{\infty}$ $0<x<1,$ $y>0$
$\int_{\Gamma_{\infty}\backslash \mathrm{r}}\phi(z)({\rm Im} z)^{s}\frac{dxdy}{y^{2}}=\int_{0}^{\infty}(\int_{0}^{1}\phi(z)dx)y^{\mathit{8}}\frac{dy}{y^{2}}=\int_{0}^{\infty}\phi_{0}(y)y^{s-1}\frac{dy}{y}$ .
$\int_{\Gamma\backslash \emptyset}\phi(z)E^{*}(z,.s)\frac{dxdy}{y^{2}}=\pi^{-s}\Gamma(s)\zeta(2s)\int_{0}^{\infty}\phi_{0}(y)y^{s-1}\frac{dy}{y}$. (2.2)
$\emptyset(z)$ $s$ ,
. $E^{*}(z, s)$ .
Rankin-Selberg .
.
Lagarias [2] . $F$ $F=\{x+iy;|x|\leq$
$\frac{1}{2},$ $x^{2}+y^{2}\geq 1\}$ $\Gamma$ – . $\mathcal{F}_{T}:=\{z\in \mathcal{F};y\leq T\}$
. $T\geq 1$
$Z_{T}(s):= \int_{F_{T}}E^{*}(x+iy, s)\frac{dxdy}{y^{2}}$ (2.3)
. $E^{*}(z, s)$ $Z_{T}(s)$ C s $=0,1$ ,










$z$ . $F(z)$ .




$Z_{T,\phi}(s):= \int_{F}\phi(z)\chi_{T}(z)E^{*}(x+iy, s)\frac{dxdy}{y^{2}}$ $(T\geq 1)$ (2.7)
. $\chi_{T}(z)$ $\mathcal{F}_{T}$ 1. $\phi(z)\equiv 1$ $Z_{T,\phi}(s)=Z_{T}(s)$ .
(2.6) (2.7) Lagarias (2.6)
(2.5) (2.3) (2.5)
. $\phi(z)$ 1
. $\phi(z)$ (2.7) $Tarrow+\infty$
$Z_{\phi}(s)= \int_{F}\phi(z)E^{*}(x+iy, s)\frac{dxdy}{y^{2}}$ (2.8)
, [2] $Z_{\phi}(s)$
2. (2.8) (2.1) , $Z_{\phi}(s)$ 1
Rankin-Selberg Fourier
. .
1 $T\geq 1$ – . $\int_{0}^{1}\phi(x+iy)dx\not\equiv \mathrm{O}$ . $Z_{T,\phi}(s)$
$\sigma=1/2$ $\phi$ ?
2 1 $\int_{0}^{1}\phi(x+iy)dx\not\equiv \mathrm{O}$ . $Z_{\phi}(s)$ $\sigma=1/2$
$\phi$ ?
1. $\int_{0}^{1}\phi(x+iy)dx\not\equiv \mathrm{O}$ $Z_{\phi}(s)= \pi^{-s}\Gamma(s)\zeta(2s)\int_{0}^{\infty}(\int_{0}^{1}\phi(z)dx)y^{s-2}dy$
$Z_{\phi}(s)\not\equiv \mathrm{O}$ .
2. $\phi(z)\equiv 1$ $Z_{T,\phi}(s)$ $\sigma=1/2$ 1
2 \mbox{\boldmath $\phi$} F
$\sigma=1/2$ . , $F$
$d\mu$ $Z_{\mu}(s)= \int_{F}E^{*}(z, s)d\mu(z)$ $d\mu$ $Z_{\mu}(s)$
$\sigma=1/2$ (cf. $[2|$ ).










$S_{12}$ $\Gamma=PSL_{2}(\mathrm{Z})$ 12 cusp form . $S_{12}$
– Ramanujan $\Delta(z)=q$ 1 $(1-q^{n})^{24}=\Sigma_{n=1}^{\infty}\tau(n)q^{n},$ $q=e^{2\pi iz}$
. $\Delta$ Rankin-SelbergL $L(s, \Delta\cross\Delta)$
Dirichlet :
$L(s, \Delta\cross\Delta)=\zeta(2s)\sum_{n=1}^{\infty}\frac{\tau(n)^{2}}{n^{s+11}}$ . (3.1)
$\zeta(s)$ Riemann . $\phi(z)=y^{12}|\Delta(z)|^{2}$
. $\Delta$ 12 cusp form $\phi(z)$ $\mathrm{r}$- $yarrow\infty$ .
$| \Delta(z)|^{2}=\sum_{m=0}^{\infty}(\sum_{n=1}^{\infty}\tau(n)\tau(n+m)e^{-2\pi(2n+m)y})e^{2\pi imx}$
$\phi(z)$ \mbox{\boldmath $\phi$}o(
$\phi_{0}(y)=y^{12}\sum_{n=1}^{\infty}\tau(n)^{2}e^{-4\pi ny}$ . (3.2)
(2.2), (2.8) $\sigma>1$
$Z_{\phi}(s)=\pi^{-e}(4\pi)^{-s-11}\Gamma(s)\Gamma(s+11)L(s, \Delta\cross\Delta)$ . (3.3)
cusp form , $Z_{\phi}(s)$ cusp
form Rankin-Selberg $L$ .
Rankin-Selberg $L$ . Rankin-SelbergL
.
[2] $Z_{T}(s)$ Riemann , $Z_{T}(s)$
.
$L(s, \Delta \mathrm{x}\Delta)$ . $S_{12}$ –
. - [5], [6] .
1. $\tau(m)\neq 0$ $m$





$W_{m}^{-}(s)= \sum_{n=1}^{m-1}\frac{\tau(m-n)}{\tau(m)}(\frac{m}{m-n})^{\frac{11}{2}}n^{\epsilon-1}\sigma_{1-2\epsilon}(n)P_{\epsilon-1}^{-11}(\frac{2m-n}{n})$ , (3.5)
$|{\rm Re}(s)-1/2|<5$ (3.6)
. $s=1/2$ $sarrow 1/2$ . $(, )\}\mathrm{h}S_{12}$





3. Lemher $m$ $\tau(m)\neq 0$ .
1 $Z_{\phi}(s)$ $L_{m}(s, N)$ . $N$
$W_{m}^{+}(s, N)= \sum_{n=1}^{N}\frac{\tau(m+n)}{\tau(m)}(\frac{m}{m+n})^{2}n^{\epsilon-1}\sigma_{1-2s}(n)P_{s-1}^{-11}(\frac{2m+n}{n})\llcorner 1$ (3.8)
. $W_{m}^{+}(s, 0)\equiv 0$ . $L_{m}(s, N)$
$\frac{\Gamma(11)}{(\Delta,\Delta)}L_{m}(s, N)=(4\pi)^{-s}\Gamma(s+11)$ $(2s)m^{-\epsilon}+(4\pi)^{\epsilon-1}\Gamma(12-s)$ $(2s-1)m^{\epsilon-1}$
$+\Gamma(s+11)\Gamma(12 - s)\{W_{m}^{+}(s, N)+W_{m}^{-}(s)\}$ , (3.9)
. $m$ (3.6) $\lim_{Narrow\infty}L_{m}(s, N)=Z_{\phi}(s)$
$L_{m}(s, N)$ $Z_{\phi}(s)$ . $n^{s-}\pi\sigma_{1-2s}(n)1$ $P_{\epsilon-1}^{\mu}(z)$
$s|\Rightarrow 1-s$ $W_{m}^{+}(s, N)=W_{m}^{+}(1-s, N)$ , $L_{m}(s, N)$
$L_{m}(s, N)=L_{m}(1-s, N)$ (3.10)
. $L_{m}(s, N)$ .
2. $m$ $\tau(m)\neq 0$ . $N\geq 0$ $a>0$
$C=C_{m,N}$, $>0$ $L_{m}(s, N)$
$\frac{\log\{C\log^{1}2(|t|+1)\}}{\log(|t|+1)}<|\sigma-\frac{1}{2}|<a$ , (3.11)
. $0<\sigma_{1}<\sigma_{2}$
$N(T, \sigma_{1}, \sigma_{2})=O_{\sigma_{1},\sigma_{2}}(1)$ . (3.12)
$N(T, \sigma_{1}, \sigma_{2})$ $L_{m}(s, N)$ $\sigma_{1}\leq{\rm Re}(s)-1/2\leq\sigma_{2},$ $|t|\leq T$ .
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4. Selberg , $\zeta(s)$ $\sigma\geq a,$ $|t|\leq T$
$N(T, a)$ , $N(T, 1/2+4\delta)<<T^{1-\delta}\log T$ $\delta\geq 0$ –
. \mbox{\boldmath $\zeta$}(s)
$| \sigma-\frac{1}{2}|\leq\frac{\eta(t)}{\log(|t|+3)}$
. $\eta(t)$ 2 $Z_{\phi}(s)=$
(r ) $\cross$ L(s, \Delta $\cross$ \Delta )=(r ) $\cross$ \mbox{\boldmath $\zeta$}(s)L(s, $\mathrm{s}\mathrm{y}\mathrm{m}^{2}\Delta$ ) $L_{m}(s, N)$
.
4. 1
$E_{\epsilon}^{*}(z)=E^{*}(z, s)$ 1 Petersson $(\Delta E_{s}^{*}, P_{m})$
(Petersson [4, p.330] ).
Noda [3] 1 [4] $C^{\infty}$ modular form holomorphic
projection . $S_{k}$ –
Petersson .
$m$ . P $\Gamma$ 12 Poincar\’e . $\Delta,$ $P_{m}\in S_{12}$
$S_{12}$ – $P_{m}$ $\Delta$
$\ovalbox{\tt\small REJECT}(z)=\frac{\Gamma(11)}{(\triangle,\Delta)}(4\pi m)^{-11}\tau(m)\Delta(z)$ (4.1)
.
$( \Delta E_{s}^{*}, P_{m})=\frac{\Gamma(11)}{(\Delta,\Delta)}(4\pi m)^{-11}\tau(m)(\triangle E_{\epsilon}^{*}, \Delta)$
$= \frac{\Gamma(11)}{(\Delta,\Delta)}(4\pi m)^{-11}\tau(m)\pi^{-\epsilon}(4\pi)^{-\epsilon-11}\Gamma(s)\Gamma(s+11)L(s, \Delta\cross\Delta)$. $(4.2)$
$\Delta(z)$ cusp form (4.2) $s\in \mathrm{C}$ .
, [3] Lemma 1 $0<\sigma<1$ $\Delta(z)E(z, s)$ bounded growth
$C^{\infty}$ modular form (bounded growth [4, p.330, (6) $]$ ).
$\vee \mathrm{C}$ [$4$ , Prop.1, $(\mathrm{B})$] $\mathrm{B}_{1}\text{ }$
$( \Delta E_{\epsilon}^{*}, P_{m})=\int_{0}^{\infty}(\sum_{n=1}^{\infty}\tau(n)a_{m-n}(y, s)e^{-2\pi n\mathrm{y}})e^{-2\pi my}y^{10}dy(0<{\rm Re}(s)<1)$ .
(4.3)
$a_{n}(y, s)$ $E^{*}(z, s)$ Fourier
$a_{n}(y, s)=\{$
$\zeta^{*}(2s)y^{\epsilon}+\zeta^{*}(2s-1)y^{1-\epsilon}$ $n=0,$ $s\neq 1/2$ ,






$+ \sum_{n=1}^{\infty}\tau(m+n)\int_{0}^{\infty}a_{n}(y, s)e^{-2\pi(2m+n)y}y^{10}dy$ .
, . $n=0$
$\int_{0}^{\infty}a_{0}(y, s)e^{-4\pi my}y^{10}dy$




$=(4 \pi m)^{-11}\Gamma(s+11)\Gamma(12-s)(\frac{m}{m\pm n})^{2}n^{\epsilon-1}\sigma_{1-2\epsilon}(n)P_{\epsilon-1}^{-11}(\frac{2m\pm n}{n}).(4.8)\mathrm{u}$







(4.3) (4.9) $0<\sigma<1$ (3.4) . (3.6) (3.4)
(3.4) $s=0,1$ $\mathrm{C}$ ,
(36) .
5. 2
(3.10) $\sigma\geq 1/2$ .
$L_{m}(s, N)=(4\pi)^{-s-11}\Gamma(s+11)\zeta^{*}(2s)m^{-\epsilon}\{1+R_{m}(s, N)\}$ (5.1)
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.$R_{m}(s, N)=(4 \pi m)^{2s-1}\frac{\Gamma(12-s)}{\Gamma(s+11)}\frac{\zeta^{*}(2s-1)}{\zeta^{*}(2s)}$
(5.2)
$+(4 \pi m)^{s}\frac{\Gamma(12-s)\{W_{m}^{+}(s,N)+W_{m}^{-}(s)\}}{\zeta^{*}(2s)}$ .
(5.1) (4\mbox{\boldmath $\pi$})-8-11r(s+ll) $(2s)$ $\sigma\geq 1/2$ ,
$\sigma\geq 1/2$ $A$
$|R_{m}(s, N)|<1$ $\forall s\in A$ (5.3)
$L_{m}(s, N)$ $A$ . , $1/2\leq\sigma\leq a$
$arrow\infty$
$|R_{m}(s, N)|=O(|t|^{1-2\sigma}\log|t|)$ (5.4)
. $O$- $m,$ $N,$ $a$ . (3.11)
$1+R_{m}(s, N)\neq 0$ . $L_{m}(s, N)\neq 0$
.
$I_{m}(s)=(4 \pi m)^{2\epsilon-1}\frac{\Gamma(12-s)}{\Gamma(s+11)}\frac{\zeta^{*}(2s-1)}{\zeta^{*}(2s)}$, (5.5)
$J_{m}(s, N)=(4 \pi m)^{s}\frac{\Gamma(12-s)\{W_{m}^{+}(s,N)+W_{m}^{-}(s)\}}{\zeta^{*}(2s)}$ , (5.6)
. $1/2\leq\sigma\leq a$ $|t|arrow\infty$
$|I_{m}(s)|=O(|t|^{1-2\sigma})$ (5.7)
$|\sqrt m(s, N)|=O(|t|^{1-2\sigma}\log|t|)$ . (5.8)
, (5.4) . (5.7) (5.8) .
(5.7) . $\xi(s)=s(s-1)\zeta^{*}(s)$ $\langle$ . Stirling $1/2\leq\sigma\leq a$
$|t|arrow\infty$
$|(4 \pi m)^{2\epsilon-1}\frac{\Gamma(12-s)}{\Gamma(s+11)}\frac{\zeta^{*}(2s-1)}{\zeta^{*}(2s)}|=O(|t|^{1-2\sigma}|\frac{\xi(2s-1)}{\xi(2s)}|)$ .
[2, Proof of Th. 2] $\sigma\geq 1/2$
$| \frac{\xi(2s-1)}{\xi(2s)}|\leq 1$ (5.9)
3 (5.7) .
(5.8) . $J_{m}(s, N)$ (3.5)
$(4 \pi m)^{\epsilon}\frac{\Gamma(12-s)}{\zeta^{*}(2s)}P_{s-1}^{-11}(\cosh\zeta)$ $(\zeta>0)$
$3$ [2] $Z_{T}(s)$ Riemann .
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Stirhing $| \frac{\Gamma(12-s)}{\Gamma(s+11)}|=O(|t|^{1-2\sigma})$ . , $A>0$
$\sigma\geq 1/2-A/\log(|t|\dashv- 2)$
$|\zeta(2s)|^{-1}=O(\log(|t|+2))$ (5.11)
([7, p.60]), $1/2\leq\sigma<a$ $|b|arrow\infty$
$|(4 \pi m)^{\epsilon}\frac{\Gamma(12-s)}{\zeta^{*}(2s)}P_{s-1}^{-11}(\cosh\zeta)|=O(|t|^{1-\mathit{2}\sigma}\log|t|)$. (5.12)
$m$
$1+ \frac{2}{m-1}<\frac{2m-n}{n}<2m-1$ $(1 \leq n\leq m-1)$
(5.13)
$1+ \frac{2m}{N}<\frac{2m+n}{n}<2m+1$ $(1 \leq n\leq N)$
(3.5) (5.12) (5.8) .
6.
2 , $m$ $N$
$L_{m}(s, N)$ $\sigma=1/2$ .
$L(s, \Delta\cross\Delta)$ , $\zeta(s)$ Riemann !
, .
2 , 2 Fourier $\tau(n)$
. [5] -
. $Z_{\phi}(s)$ Hecke eigen cusp form Rankin-Selberg $L$ ,
$Z_{\phi}(s)$ Riemann – . Fourier .
2 .
$\tau(n)$ $L_{m}(s, N)$ $1/2\leq\sigma\leq 1$ $O(1)$
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